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Abstract
As opposed to Wald’s cosmic no-hair theorem in general relativity, it is shown that the Horndeski
theory (and its generalization) admits anisotropic inflationary attractors if the Lagrangian depends
cubically on the second derivatives of the scalar field. We dub such a solution as a self-anisotropizing
inflationary universe because anisotropic inflation can occur without introducing any anisotropic
matter fields such as a vector field. As a concrete example of self-anisotropization we present the
dynamics of a Bianchi type-I universe in the Horndeski theory.
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I. INTRODUCTION
Inflation in the early universe [1–4] solves a number of fundamental problems in cos-
mology, such as horizon, flatness, monopole and the origin-of-structure problems. Its basic
predictions have been confirmed by a number of observations of the cosmic microwave back-
ground (CMB) and large-scale structures. The simplest single-field inflation paradigm fits,
in a sense, observations too well, so that it is difficult to single out the correct field theory
model of inflation. In this context, much work has been done in search for anomalies in ob-
servations. One possibility among them is statistical anisotropy of spectrum of primordial
perturbations. If established, we need an inflation model to realize anisotropic expansion. In
this regard it has been known that inflation driven by a scalar potential make the observable
universe fully isotropic [5, 6]. Hence previous models of potential-driven anisotropic inflation
inevitably include a vector field [7–10].
Here we wish to show that these observations are true only in the Einstein gravity, and
that a class of modified gravity with a scalar field can realize anisotropic (inflationary) so-
lution without introducing any vector fields nor higher-order curvature terms as an effective
anisotropic stress source [11–13]. Specifically we consider Horndeski theory [14] or the gen-
eralized Galileon [15] to show that the quintic galileon term L5 in generalized G-inflation
[16] plays an essential role to realize anisotropic inflation. Such terms are known to emerge
after Kaluza-Klein compactification of higher-dimensional Lovelock gravity [17] on one hand
but its magnitude has been severely constrained [18–21] now on the other hand by the si-
multaneous discovery of the gravitational-wave event GW170817 [22] of binary neutron star
coalescence and the associated gamma-ray burst GRB170817A [23], which shows that the
relative deviation of the speed of gravitational waves from light velocity is at most 10−15.
Such an observational constraint on L5, however, applies only in the low-redshift universe,
and it may well evolve nontrivially in the high energy regime in the early universe.
The present paper is organized as follows. In Section II, we review the covariant form
and ADM form of Horndeski theory and its equation of evolution. In Section III, by us-
ing the trace-free part of the equation of evolution, we show there are emerged solutions
which describe expanding universes with nonvanishing anisotropies. In Section IV, we ap-
ply the solution to the Bianchi-I model without matter, which is the simplest homogeneous
anisotropic model. In Section V, we disscuss the nature of the solution and cosmological
application, and we conclude in Section VI.
II. HORNDESKI THEORY AND BEYOND
The Horndeski theory [14] describes the most general couplings between a scalar field φ
and the metric gµν which yield second-order field equations. It was rediscovered in [15] in
the context of generalized Galileons and their equivalence was proved in [16].
This theory is characarized by four arbitrary functions, G2, G3, G4 and G5, of φ and its
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canonical kinetic function X ≡ −∂µφ∂µφ/2 as
S =
∫
d4x
√−g
5∑
i=2
L˜i, (1)
L˜2 = G2(φ,X), (2)
L˜3 = −G3(φ,X)✷φ, (3)
L˜4 = G4(φ,X)R+G4X [(✷φ)2 − (∇µ∇νφ)2], (4)
L˜5 = G5(φ,X)Gµν∇µ∇νφ− 1
6
G5X [(✷φ)
3 − 3(✷φ)(∇µ∇νφ)2 + 2(∇µ∇νφ)3], (5)
where R is the Ricci scalar, Gµν is the Einstein tensor, (∇µ∇νφ)2 = ∇µ∇νφ∇µ∇νφ,
(∇µ∇νφ)3 = ∇µ∇νφ∇ν∇λφ∇λ∇µφ, and GiX = ∂Gi/∂X .
The action descibed by the ADM variables is more useful to study anisotropic cosmolog-
ical solutions than the covariant form (1). The metric is given by
ds2 = −N2dt2 + gij(dxi +N idt)(dxj +N jdt). (6)
We take the unitary gauge, φ = φ(t), and then X is given by X = φ˙2/2N2 with N being
the lapse function. If φ is a monotonic function of t, this is a very convenient gauge and we
can use (t, N) instead of (φ,X) to express the action. Then, the theory is described only in
terms of t and geometrical quantities as
S =
∫
dtd3xN
√
g
5∑
i=2
Li, (7)
L2 = A2(t, N), (8)
L3 = A3(t, N)K, (9)
L4 = A4(t, N)
(
K2 −KijKji
)
+B4(t, N)R, (10)
L5 = A5(t, N)
(
K3 − 3KKijKji + 2KijKjkKki
)
+ B5(t, N)
(
Rij − 1
2
gijR
)
Kij . (11)
Kij and Rij are the extrinsic and intrinsic curvature of constant t (constant φ) hypersurfaces.
The functions Ai, Bi and Gi are related with each other as follows:
A2(t, N) = G2(φ,X)−
√
X
∫
G3φ(φ,X)√
X
dX, (12)
A3(t, N) =
∫ √
2XG3X(φ,X)dX − 2
√
2XG4φ(φ,X), (13)
A4(t, N) = −G4(φ,X) + 2XG4X(φ,X)−XG5φ(φ,X), (14)
A5(t, N) =
1
6
(2X)3/2G5X(φ,X), (15)
B4(t, N) = G4(φ,X)−
√
X
2
∫
G5φ(φ,X)√
X
dX, (16)
B5(t, N) = −
∫ √
2XG5X(φ,X)dX, (17)
where we identify X = φ˙2(t)/2N2. As seen below, among those terms the most crucial ones
in this paper are the terms cubic in the extrinsic curvature. In the covariant language they
come from L˜5 which depends cubically on the second derivatives of the scalar field.
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In the Horndeski theory, (A4, A5) and (B4, B5) are not independent, as is clear from Eqs.
(14)–(17) and also from the fact that we originally have four free functions in the action.
However, this point turns out to be not essential in the following discussion. The most
important ingredient here is the cubic (or higher) order terms in the extrinsic curvature. This
allows us to start from the ADM Lagrangians (8)–(11) and consider all Ai’s and Bi’s to be
independent free functions, which amounts to employing the so-called “beyond Horndeski”
theory [24], although Ai’s and Bi’s may have to satisfy degeneracy conditions to avoid an
extra dangerous degree of freedom [25, 26] (see, however, [27]). The following discussion can
thus apply not only to the Horndeski theory but also to beyond Horndeski theory.
In addition to the action for the gravitational sector described above, we include the
action for matter minimally coupled to gravity, Sm. By the use of the residual gauge degrees
of freedom one can further impose N i = 0. Then, we obtain the evolution equations from
(7) as
T ij =
1
N
√
g
∂t
{√
g
{
A3δ
i
j + 2A4(Kδ
i
j −Kij) + 3A5[(K2 −Kkl K lk)δij − 2(KKij −KikKkj )]
}}
−δijLA +
(
2B4 +
∂tB5
N
)(
Rij −
1
2
δjiR
)
+ Φij , (18)
where Tij is the stress-energy tensor calculated from the matter action Sm,
Tij = − 2
N
√
g
δSm
δgij
, (19)
and LA is the kinetic part of the Lagrangian,
LA = A2 + A3K + A4(K2 −KijKji ) + A5(K3 − 3KKijKji + 2KijKjkKki ). (20)
We have collected the terms that vanish if the lapse function is homogeneous, N(t, ~x) = N(t),
and written
Φij =
2
N
[∇2(NB4)gij −∇i∇j(NB4)]
+gijK
lm∇l∇mB5 +K∇k∇jB5 − 2K l(i∇j)∇lB5 +Kij∇2B5 − gijK∇2B5
+
2
N
[
gij∇l(NK lm)∇mB5 +∇(i(NK)∇j)B5 −∇l(NK l(i)∇j)B5
−∇(i(NK lj))∇lB5 +∇l(NKij)∇lB5 − gij∇l(NK)∇lB5
]
. (21)
The Hamiltonian constraint is given by
∂N (NA2) +N∂NA3K +N
2∂N(N
−1A4)(K
2 −KijKji ) + ∂N (NB4)R
+N3∂N(N
−2A5)(K
3 − 3KKijKji + 2KijKjkKki ) +N∂NB5
(
RijK
ij − 1
2
RK
)
+
1√
g
δSm
δN
= 0.
(22)
In the following we will not use the momentum constraint equations.
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III. SELF-ANISOTROPIZING INFLATIONARY SOLUTIONS
We now show that even without any anisotropic matter sources the universe can exhibit
anisotropic inflationary expansion as an atractor solution in the Horndeski theory.
Since we consider Bianchi cosmology, we may set N i = 0. Thanks to the homogeneity,
Φij in the evolution equation (18) vanishes. To study anisotropic cosmological models it is
convenient to decompose the extrinsic curvature Kij into its trace K and trace-free part Σij
as
Kij =
1
3
Kgij + Σij , (23)
with gijΣij = 0. The trace and trace-free parts of the evolution equation (18) read, respec-
tively,
1
N
√
g
∂t[
√
g(3A3 + 4A4K + A5(2K
2 − 3ΣijΣji ))]− 3LA −
(
B4 +
∂tB5
2N
)
R = T ii . (24)
and
2
N
√
g
∂t
[√
g(−A4Σij − A5KΣij + 3A5{ΣikΣkj}TF)
]
+
(
2B4 +
∂tB5
N
)
{Rij}TF = {T ij}TF,
(25)
where {X ij}TF stands for the trace-free part of a tensor X ij,
{X ij}TF = X ij −
1
3
Xkk δ
i
j. (26)
Let us look for slow-roll inflationary solutions in which
√
g exponentially increases, while
other functions remain either nearly constant or exponentially decrease. First, we focus
on Eq. (25), assuming that the energy-momentum tensor consists of isotropic matter and
hence {T ij}TF vanishes. If the spatial curvature Rij decreases exponentially, the first term
also decreases in the same way. As a result, we find, asymptotically,
−A4Σij − A5KΣij + 3A5(ΣikΣkj −
1
3
Σkl Σ
l
kδ
i
j) = 0. (27)
A trivial solution of Eq. (27) is that all components of Σij vanish. This solution corresponds
to the isotropic attractor which we see in the conventional inflation models. The presence
of the quadratic terms in Σij due to nonvanishing A5 yields nontrivial solutions with Σ
i
j 6= 0
as well, which represent an expanding universe retaining finite anisotropies. We dub this
anisotropic attractors as self-anisotropizing inflationary solutions, as this is not caused by
an anisotropic energy-momentum tensor. We will demonstrate in the next section that such
solutions do exist in the case of Bianchi type-I cosmology.
The self-anisotropizing attractors are distinct from the previous anisotropic inflationary
solutions, because the anisotropic expansion of the previous scenarios are supported by
some anisotropic energy-momentum source such as a vector field coupled with an inflaton
field [8]. Such scenarios produce background anisotropies Σij/H ≈ {T ij}TF/(6A4H2) =
(8πG/3H2){T ij}TF, where H is the Hubble parameter. The trace-free part of the energy-
momentum tensor, {T ij}TF, just displaces the terminal point from the isotropic one.
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By contrast, here the self-anisotropizing inflationary solution is realized by the terms
quadratic in Σij in Eq. (27), which is a consequence of modification of gravity. The magnitude
of produced background anisotropies is estimated from (27) as Σij/H ∼ (A4+3HA5)/3HA5.
We require neither an anisotropic energy-momentum tensor nor any fields other than the
scalar φ built in the Horndeski theory. In this sense, the emerged anisotropic terminal points
should be distinguished from those of previous anisotropic inflation models.
Let us evaluate the eigenvalues of the nontrivial solutions of Σij for given values of A4, A5
and K. We can prove that the root Σ of matrix equation (27) has two different eigenvalues
at most as follows. First we define a polynomial p(x) by substituting a real variable x for Σ
in the left side of (27) as
p(x) = −A4x− A5Kx+ 3A5
(
x2 − 1
3
tr
(
Σ2
))
, (28)
where the remaining Σ in the trace is a root of (27). p(Σ) = 0 obviously follows from (27)
and (28), and so p(x) can be divided by the minimal polynomial φΣ(x) of Σ. In linear
algebra, it is well-known that if λ is an eigenvalue of matrix Σ then λ is a root of φΣ(x) = 0.
Therefore, the eigenvalue λ is also a root of p(x) = 0. Since p(x) is a quadratic polynomial
of x, the number of different roots is equal to or less than two. This is the proof that Σ
has two different eigenvalues, λ1 and λ2 at most. It induces that, e.g., anisotropic attractors
in Bianchi type-I model has axial symmetry in the order of background, which we show in
Section IV. As one can see from (28), the different eigenvalues λ1 and λ2 satisfy
λ1 + λ2 =
A4 + A5K
3A5
. (29)
Being a three dimensional tensor, Σ has three eigenvalues. Without loss of generality, we
set them as λ1, λ1 and λ2, respectively. They also satisfy
2λ1 + λ2 = 0, (30)
because Σ is trace-free. Therefore we have
λ1 = −A4 + A5K
3A5
, λ2 =
2(A4 + A5K)
3A5
. (31)
So far we have focused on the evolution equation for Σij (25) and its nontrivial solution
under the assumption that the spatial volume element
√
g increases exponentially and the
spatial curvature Rij decreases accordingly. To determine all the components of the metric,
we need to solve the Hamiltonian constraint (22) and the trace part of the evolution equations
(24) consistently. On the anisotropic attractor where Σij ’s eigenvalues are given by (31), the
rest of the field equations (22) and (24) reduce to
∂N
[
N
(
A2 − 2A
3
4
9A25
)]
+N∂N
(
A3 − 2A
2
4
3A5
)
K = − 1√
g
δSm
δN
, (32)
1
N
d
dt
(
A3 − 2A
2
4
3A5
)
−
(
A2 − 2A
3
4
9A25
)
=
1
3
T ii , (33)
respectively. These two equations can be used to determine K = K(t) and N = N(t).
Let us ignore the matter field Sm for the moment and consider a theory with (approxi-
mate) shift symmetry. In this case, Ai’s depend only on φ˙/N and from Eq. (33) one obtains
a solution N ≃ const × φ˙ satisfying F (φ˙/N) ≡ A2 − 2A34/9A25 ≃ 0. Equation (32) is then
solved to give K ≃ −∂N (A3 − 2A24/3A5)/∂N(A2 − 2A34/9A25) ≃ const. One thus obtains an
inflating solution with nonvanishing anisotropies.
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IV. VACUUM BIANCHI TYPE-I MODEL
A. Evolution toward attractors
To be more explicit, let us consider the Bianchi type-I model, which is the simplest
homogeneous anisotropic model and hence helps us to understand what nonvanishing A5
causes.
Once we diagonalize the spatial metric and its time derivative, off-diagonal components
are not generated in this model, so that we can express the metric in the Kasner-type form
as
ds2 = −N2(t)dt2 + a2(t)
[
e2(β+(t)+
√
3β−(t))dx2 + e2(β+(t)−
√
3β−(t))dy2 + e−4β+(t)dz2
]
, (34)
where a(t) is a scale factor and β±(t) show the differences between the expantion rates in
different directions. Substituting the metric (34) in the ADM form of the action (7), we
obtain
S =
∫
dtd3x Na3
[
A2 + 3HA3 + 6A4(H
2 − σ2+ − σ2−) +6A5(H3 − 3H(σ2+ + σ2−) + 2(3σ+σ2− − σ3+))
]
,
(35)
where we defined the Hubble parameter H and the shear σ± as
H ≡ 1
N
d ln a
dt
, σ± ≡ 1
N
dβ±
dt
. (36)
Using σ±, the trace-free part of the extrinsic curvature is given by
Σij = diag
(
σ+ +
√
3σ−, σ+ −
√
3σ−,−2σ+
)
. (37)
Since the spatial Ricci tensor vanishes in the Bianchi type-I model and consequently Eq.
(35) depends on β± only through their time derivatives, the conjugate momenta of β± are
conserved in time. The conserved momenta are given by
Pβ+ = a
3
[
(A4 + 3HA5)σ+ + 3A5(σ
2
+ − σ2−)
]
, (38)
Pβ− = a
3 [(A4 + 3HA5)σ− − 6A5σ+σ−] . (39)
Equivalently, one can also obtain the same conserved momenta from the trace-free part of
the evolution equations (25) by substituting Eq. (34). It is manifest that as the scale factor
a(t) increases, the expressions inside the square brackets of Eqs. (38) and (39) decay toward
zero as [· · · ] = Pβ±a−3 → 0, and thus σ+ and σ− evolve to one of the fixed points. In the
present case, there are four fixed points. One is the isotropic solution σ± = 0, whereas the
other three are anisotropic attractors.
Let us look at the trajectories on the (σ+, σ−) plane of the phase space. Given the initial
data, the constants Pβ± are fixed. Then, σ± can be expressed in terms of A4, A5, a, H , and
Pβ± by solving the algebraic equations (38) and (39). In order to show the dynamics of the
anisotropies in a single figure, we use the normalized shear A± defined as
A± ≡ 3A5
A4 + 3HA5
σ±, (40)
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instead of σ+ and σ−. Here we assumed that A4 + 3HA5 6= 0 and A5 6= 0. It is also
convenient to introduce the new time coordinate τ ≡ a3(A4+3HA5)2/3A5. In an expanding
universe, |τ | is an increasing function of t provided that A4, A5, and H depend on t only
weakly, which is a natural assumption during inflation. With τ and A±, we can rewrite Eqs.
(38) and (39) simply as
Pβ+ = τ
[A+ +A2+ −A2−] , (41)
Pβ− = τ [A− − 2A+A−] . (42)
We show trajectories (A+(τ),A−(τ)) for different values of Pβ± in Figure 1. As stated above,
there are four fixed points in the (A+,A−) plane: one isotropic solution, (0, 0), and three
anisotropic solutions, (−1, 0) and (1/2,±√3/2). All of them are attractors (as long as |τ |
is an increasing function of t).
-1 0 1
-1
0
1
+
-
FIG. 1. Trajectries of the evolution of the normalized shear (A+,A−). If the initial conditions lie
inside the circle given by A2++A2− = 1/4, the universe evolves toward the center, (A+,A−) = (0, 0),
as τ increases. If the universe starts from outside of the circle, it goes to the closest one of the
anisotropic fixed points on the vertices, (A+,A−) = (−1, 0), (1/2,±
√
3/2), of the triangle as τ
increases.
The initial anisotropies determine which attractor the universe approaches. To see this
explcitly, we differentiate Eqs. (41) and (42) and get
τ
dA+
dτ
= −(2A+ − 1)(A
2
+ +A2− +A+)
4A2+ + 4A2− − 1
, (43)
τ
dA−
dτ
= −A−(2A
2
+ + 2A2− − 2A+ − 1)
4A2+ + 4A2− − 1
. (44)
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Equivalently, one may introduce the polar coordinates (r(τ), θ(τ)) defined by A+ = r cos θ
and A− = r sin θ and write
τ
dr
dτ
= −r[2r
2 + r cos(3θ)− 1]
4r2 − 1 , (45)
τ
dθ
dτ
=
r sin(3θ)
4r2 − 1 . (46)
The denominators vanish on a circle given by r2 = A2+ + A2− = (1/2)2 (the black circle in
Fig. 1).1 The fate of the universe depends on whether the initial anisotropies are inside
this circle or not: the universe is attracted toward the isotropic solution at the origin if the
initial anisotropies lie inside the circle, while it goes away from the circle to the closest one
of the anisotorpic attractors if outside initially. That is to say, if the universe is sufficiently
anisotropic initially, then it converges to the anisotropic attractor.
The exceptional case is the trajectories with θ = 0, 2π/3, 4π/3. Those constant values
of θ solve Eq. (46), while Eq. (45) leads to r(τ) = (
√
C/|τ |+ 1 − 1)/2, where C is an
integration constant. Therefore, for all initial conditions on θ = 0, 2π/3, 4π/3 the isotropic
universe is the attractor.
The structure of Fig. 1 will be more transparent in terms of the polar coordinates. Equa-
tions (45) and (46) clearly show that there are discrete rotation symmetry θ → θ + 2π/3
and reflection symmetry across θ = 0, 2π/3, and 4π/3 axises. Because of these symmetries
only a sixth part of Fig. 1 is physically independent.
Each of the anisotropic attractors corresponds to an axially symmetric space, whose
symmetry axis is the x, y or z axis. This axial symmetry is closely related to the degeneracy
of the eigenvalues of Σji discussed in the previous section. The discrete rotation symmetry
in the (A+,A−) plane is the manifestation of the fact that one can always take, say, the z
axis as the symmetry axis without loss of generality by a rotation of the spatial coordinates.
So far we have focused only on the shear evolution equations. This is sufficient for the
purpose of seeing that the anisotropic fixed points do exist and for initial anisotropies larger
than a certain threshold they are indeed the attractors. To determine the precise dynamics
of the universe including the evolution of H and φ, one needs to solve the full set of the field
equations (the trace and trace-free parts of the evolution equations as well as the constraint
equation) consistently. In the next subsection we will show a numerical example obtained
by solving all the equations consistently.
B. Examples
Let us present some examples which yield self-anisotropizing Bianchi type-I solutions.
The first one is simply given by
G2 = −V0, G3 = 0, G4 = M
2
2
+ g4X, G5 = g5X, (47)
1 The shear evolution equations bocome singular on this circle. However, if we consider the full phase
space by taking into account the trace part of the evolution equation, we see that this singularity is only
apparent.
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where V0, M , g4, and g5 are constants. The corresponding ADM form in the unitary gauge
is given by
A2 = −V0, A3 = 0, A4 = −M
2
2
+
g4
2
(
φ˙
N
)2
, A5 =
g5
6
(
φ˙
N
)3
,
B4 =
M2
2
+
g4
2
(
φ˙
N
)2
, B5 = −g5
3
(
φ˙
N
)3
. (48)
Figure 2 shows the evolution of the Hubble parameter, (the velocity of) the scalar field,
and the shear obtained by solving the dynamical and constraint equations numerically with
a certain initial condition away from the attractors at a = 1. The parameters in this toy
example are given by V0 = 0.1, M = 1, g4 = −0.2, and g5 = 1. It can be seen that the
universe quicly converges to the anisoropic inflationary attractor.
()
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FIG. 2. Numerical example of a self-anisotrpizing Bianchi type-I universe: (a) H; (b) φ˙/N ; (c)
σ±/H as functions of ln a.
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Another example with A5 (or, equivalently, G5X) is the Gauss-Bonnet term coupled to a
scalar field, and the total Lagrangian is of the form
L = f(φ)R+ P (φ,X) + ξ(φ) (R2 − 4RµνRµν +RµνρσRµνρσ) . (49)
Aspects of this theory has been studied extensively in the literature. The Lagrangian can
be reproduced by taking the following Horndeski functions [16]:
G2 = P + 8ξ
(4)X2(3− lnX), G3 = 4ξ(3)X(7− 3 lnX),
G4 = f + 4ξ
(2)X(2− lnX), G5 = −4ξ(1) lnX, (50)
where ξ(n) = dnξ/dφn. Though this looks quite non-trivial, the corresponding ADM form is
very simple:
A2 = P, A3 = −2 φ˙
N
df
dφ
, A4 = −f, A5 = −4ξ
(1)
3
φ˙
N
, B4 = f, B5 = 8ξ
(1) φ˙
N
. (51)
Even this familiar theory admits self-anisotropizing inflationary solutions.
The theory (49) possesses a shift symmetry if f = const, P = P (X), and ξ ∝ φ. In this
case it is easy to find an inflationary solution with H = const, φ˙/N = const retaining the
nonvanishing shear
σ±
H
∼ f + 4Hξ
(1)φ˙/N
Hξ(1)φ˙/N
. (52)
V. DISCUSSION
It has been pointed out by Wald that in general relativity, all vacuum Bianchi universes
with a positive cosmological constant except type IX evolve toward the isotropic attractor,
which was proven by using the Hamiltonian constraint and the trace of the Einstein equations
[28]. In our case, since the Horndeski action dramatically changes both of them, it must
be checked one by one whether a specific model under consideration evolves toward the
isotropic or anisotropic attractor. We note that the magnitude of the shear on the anisotropic
attractors diverges when we take the general relativity limit A5 → 0 keeping A4 constant.
In this limit, for all initial conditions the isotropic universe is an attractor (as they are all
inside the circle in Fig. 1), and thus the standard result of Wald in gerenal relativity is
recovered.
Noting that the background anisotropies of the Bianchi type-I universe can be regarded
as gravitational waves with infinitely long wavelengths, we point out that the emergence of
anisotropic attractors is closely related to the three-point coupling of gravitational waves
in the Horndeski theory. From Eq. (15) of [29], one sees that there are two types of the
three-point couplings of the form hh∂2h and h˙h˙h˙, giving rise to local and equilateral non-
Gaussianity, respectively. The former appears even in general relativity as well as in a
generic scalar-tensor theory, while the latter, which obviously comes from K3ij, emerges only
in the class with A5 6= 0 (i.e., G5X 6= 0). The former has spatial derivatives and therefore
vanishes in the long-wavelength limit, whereas the latter has only time derivatives and hence
does not vanish even in the homogeneous limit.
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Since A± = O(1) on the anisotropic attractors, the magnitude of the resultant anisotropy
is given by
σ±
H
∼ A4 + 3HA5
3HA5
, (53)
which is typically of O(1) or larger. In theories with G5X 6= 0, initial anisotropies must be
smaller than this value in order to realize an isotropic universe through inflation. Otherwise,
the resultant universe would be unacceptably anisotropic. Another possiblity is that one has
A4 + 3HA5 ≪ 3HA5 via fine-tuning, leaving an observationally viable universe with only
tiny anisotropies on the anisotropic attractor. This would be a very interesting scenario,
but one has to study reheating, cosmological perturbations, and the stability in detail to see
whether such a scenario is indeed viable or not, which is beyond the scope of the present
paper.
VI. CONCLUSIONS
We have shown the quintic galileon term proportionalG5X or A5 in generalized G-inflation
can realize anisotropic inflationary solution. On the anisotropic attractor, the Hamiltonian
constraint becomes a linear equation for the Hubble parameter which is strikingly different
from the conventional Friedmann equation.
Although our solution generically produces anisotropy of the order of unity or larger,
it can also accommodate much smaller anisotropy by partially canceling A4 and 3HA5.
In order to see if observationally viable anisotropic inflation is possible, we must calculate
perturbations as well as discuss transition to the Friedmann regime with proper reheating,
which will be discussed in future publications.
It is also interesting to study higher dimentional models in this context to show a new
compactification mechanism of extra dimensions in the presence of the highest-order galileon
terms in the dimension under consideration. As we can show that the eigenvalues of the
extrinsic curvature tensor take only two distinct values at most even in higher dimensional
models, this may provide a promissing mechanism of compactification or dimensional reduc-
tion, which will also be discussed in a forthcoming paper.
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